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ABSTRACT

The theory of design and analysis of experiments has been primarily developed by
statisticians engaged mostly in agricultural research. The theory has now found applications in
other fields of research, because it is based on general principles concerning the statistical
behavior of observations which arise either freely in nature or in artificial laboratory conditions
(Badrldin and Kshirsagar, 1990).Incomplete block designs were developed to suit experiments
where the number of experimental units per block is less than the number of treatments. The
concept of incomplete block designs augmented by a control was first introduced by Das
(1954). He considered the case where (0 > 1) new treatments are introduced into the design
and all included in each block. He concluded that 6 should be chosen as low as possible to
keep the block size to a reasonable level. Pearce (1960) considered the case where a Balanced
Incomplete Block (B. I. B.) design is supplemented by a control, where the test treatments are
replicated r times except the control which is replicated ro times, while all pairs of treatments
occurs A times in blocks, the supplemented treatment occurs Ao times with any other
treatment(Ture,1982). Pesek (1974) considered the case of a B. I. B. design having an extra
control in each block. He utilized Rao’s general formulas to obtain the variances of the
elementary treatment contrast between any pair of test treatment and any treatment and the
control. He also obtained the efficiency factor of this design and showed that this design is
more efficient than a B. I. B. design for comparing treatments with a control, but is less efficient
for pair wise comparisons between the test treatments. Many times, for important new drugs
and for serious diseases, investigations are carried out simultaneously at various locations
under different climatic conditions, for a series of treatments. In such cases, the result of all
such investigations need to be combined to produce an overall estimate of the effect of
treatment contrast to the control.

In this study the case where a control is added to each block in a B. I. B. design is
considered. The variances of the elementary treatment contrast between any pair of test
treatments and any treatment and the control were obtained. The general theory of inter &
intra -block estimates of treatment effect when a B. I. B. design is augmented by a control
was investigated, the general theory of a balanced incomplete block design is given where a
control is added to each block. The estimation of weight for combining inter and intra-block
estimates is also dealt with, and the weight for combining inter-block estimates of treatment
contrast was also considered. The object of this study is to get a minimum variance of the
treatment contrast between the inter and intra block estimates when a control treatment is
added to each block in B. 1. B. design.
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INTRODUCTION

Comparison between treatments and the control are of frequent interest in many fields of
research because the control treatment plays a pivotal role, that every test treatment is
compared to it. It is natural for the researchers to believe that more observations should be
allocated to the control treatment than to each test treatments. Pearce (1960) suggested that the
control should be more frequently replicated than the other test treatments by a ratio equal to
the square root of the number of test treatments. Dunnett (1964) has given examples from the
biological and pharmacological fields where new designs for this kind of situation are needed
when the control is to be used in every block. The usual balanced incomplete block design
[B.1.B.D.] is not appropriate and needs to be modified. Bechhofer and Tamhane (1981) have
provided designs of this type where the test treatments are replicated r times except the control
which is replicated ro times while all pairs of treatments occur A times in blocks, the control
treatment occurs Ao times with any other test treatment. None parametric methods for
determining differences in treatment effects have been proposed for (BIBD) by Durbin (1951),
whichis useful for testing treatment effects versus control.

Notation

Consider a balanced incomplete block design (B.1.B.D) with an extra control in each block.
The v + 1 treatments are arranged in b blocks such that each block contains k + 1 experimental
units. Let the treatments be denoted by, to 1,...,tv with to being the control treatment and the
others are test treatments. The test treatments are replicated r times and the control is replicated
b times.

Let N = [ nj] to be the treatment-block incidence matrix having v + 1 rows and b
columns where: nij the number of times the i-th treatment occurs in the j-th block
[=0412,.....v; j =1,2,3,......b] Then, the treatments-block incidence matrix is

b [E,, ]

NN'=
LEVl (r-A)I, +4E,

It will be assumed that:

b b
jzzl“noj =r =D J_Zl:nij =r;i=12,..... Y, o
; 2 2 2 -
;an =b; J_Z:l:nij =r;i=12,.....v 22)
b b
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ny=k+1; j=12,..... b (2.4)
i=0
Notice that: NN'E,,, = (K+)NE,, =(k+Dr (2.5)
Where r is column of vector of elements? r,,r,,......I,
The Model

For the balanced incomplete block design considered in section (2),
The intra-block model is:

Yi =t + 5, +¢ (3.1)
Where:

Y; Isthe yield of the i-th treatment in the j-th block, (if N =1)

T; fixed treatment effect?
B j Fixed block effect.

€;j is the usual error which is assumed to be normally distributed with zero mean and variance

2 . .
0", the errors are assumed to be independent €; ~ NI (0, o). According to Cochran and Cox,

(1957), the model assumes no interaction between blocks and treatments. The intra-block normal
equation are derived by minimizing:

v b
Q =ZZ(Yij _ti_:Bj)2 (3.2)
i
With respectto t;and B; (i=012,....v ; j=12...D).
0 b A A
D23, ~f- ) =0
t )
b b b

ZYU =2 nyfi + Z N 5, (3.3)

T, The sum of all observations on the i-th treatment,
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Z_Q:—zzv:(Yij _fi_léj)zo

iYu _Znu i +Znuﬂ (34)
B, = .:Z:nIJ f, +(k +D,

B j The sum of all observations on the j-th block, from (3.3),

\

B-=—(Y ->'n, )

i=0
Substltute thls in (3.3) we get:

Y, =rf, +Znu( Zn., : j

1 b b \
Yi- k+1 Z“-JYJ =rt, __Znuznu i
=1 j i=l
b v
1 ZnUBJ =t - L N nijfi
k+1J i
k+4) . r . A N
= t —t,—— >t 35
(k+1j' k+1° k+lz“u (3:9)
b r
bk - r ~
Kk —|—1t° Kk —|—1u¢;mr§j
Using the constrain = »’t, =0 (3.7)
u=contral
Therefore:
£, - [k“jQ (3.8)
Q; [rk+/’L t, r t, ; rk+A=AaAv+r
k +1 Kk +1 (3_9)
AV + r
-(ET)E T @0
1 AV +r
Qi +— (Qo) = [ )
\Y;
A 1
L= {Qi +—(QO)J( j (3.10)
v AV+T

Therefore
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£ _f — k +1 jl:Q —l——(Q ):| (k+1on

AV + r
k +1 k +1 k +1
o ﬂv+er [v(ﬂv+r)jQ ( jQ
k +1 k +1 k +1
 Lav + r)Q [v(/’tv+ r)]Q [ j

_( k+1 )Q [(k +1(r — Av — r)]Qo

AV + r vr(AV + r)
k +1
. AV + r) L _Q 1 (3.11)
The intra-block normal equations are thus:
Q=cCt (3.11)
Q=T g NB
Where:
T =(v+1)x1 Vector of treatment totals (3.12)
B =Dbx1 Vector of block totals (3.13)
Q=(v+1)x1 vector of adjusted treatment totals (3.14)
C =diag(ry,f, e r)—ki1 NN’ (3.15)
:L[ bk —rE,, } (3.16)
k+1|—-rE, (r+Av-A)I,6 -,
AndQ = Ct , then
Q| [b 0 0 ... .. 0] b r r r ... r]
Q, oOor ... . . O rrk A A. .. 4
Q| |0 . . ..o 1 |r 4 rk 4. .. 4
- T k+1
. e r- 4 A. 4 rk A4
Q] [0 .. . .. 0 1| r 1 A. A k|
(3.17)
Q, | bk —r —-r —r.. .. —-r| [t]
Q, -r rk -1 —-A.. .. =2 t,
Q| 1 |-r -4 1k -2 -1 t,
T k+1
-r -4 -4.. -4 rk -1
Q, | -r -1 —-A. -4 k| |t
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1 N S a -
O + SN =0

bk
= (k +1} b
. k+1
Therefore: f, = ( j Q (3.18)

Q - ﬁ[(—r)t} - (rk)E, — A, +ﬂt}}

AV+r
Q-(4)e-@)
Therefore

~ 1 k+1
8 :|:Qi +;(Q°):|(ﬂ,v+ r) (3.19)

ft=C
Note that:

k+1
E(,)= E (—Qo) =t,—t, where:f—— Dt

u¢contro|

E(fi):rtil/l( E(Qi)+E EQ,) ) =t —1T (3.20)

var (t,) = var [ﬂ QOJ
[k +1j 5
= o
bk

- k+1 1
var (f,) = var [rk ) j(Qi +VQO)

(3.21)

=( k+1j [var(Q)+ var(Qo)+200V(Q,, )} ,
rk + A

1 b
var (Q,)= var[Ti —mZnUB]}
_var(l')+( jZnuvar(B) 2cov(T,,( +1) n:B;

=[ rk jo_z (3.22)
k+1

Where:
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var (T,)=ro?
var(B;) = (k +1)o?

r e
k +

COV(-ri!Bj): 1
bk r

ar — var t, — t
var(Qo)=v [k+1 ° k+1z ”j

var(Q,) = [ijaz

k+1
var(f;) = (kD=7
' vr(vk —1)

var (t. —t,) = var(f,) + var (f,) — 2cov (f,,{,)
Which reduced after some algebra to

[2(\/ —1)(k +1)}72 (3.23)
r(vk —1)
var (f; —t,) = var () + var (f,) — 2cov(,,f,) .
:((k +1)(k+v—2)JO_2 (3.24)
r(vk —1)

Inter-block information can also recovered, if the g, are random variables distributed with

zero means and variance o/ , they are further assumed to be uncorrelated, and independent of
thee; . Under these circumstances the block totals can be regarded as a set of observation:

B, = Znijti + {(k +1)B; + Znij €; } (3.25)
i=0 i
The inter-block estimated are obtained by minimizing
DB =D b)) (3.26)
j i=0

Withrespectto t;, (i=012,...... v),where t. denote the inter-block estimates. The normal
equations for inter-block estimation are:

b

> n;B; =rf, + 2>, ;o (u=i)

j=1 u

Zb:noij =bt, +r> ¢ (3.27)
=1 i

b
D> nyB, =rt; + D t, — At +rt,
j=1

=1ty +(r— At + 1> 1, (3.28)
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E(B ) Znu i

(3.29)
var(B) = (k +1)[<;2 +(k+Da2]l,
Where Iy is identity matrix of order b.
cov(B;,B;) =zero rorj«j (3.30)
The inter-block normal equations are: (Q1 C, t (3.31)
1
Where: =——NB 3.32
91 k+1 (3:32)
1
C,=——NN' 3.33
Yokl (3:33)
t =t,,t,....t, (3.34)
A solution for (3.21) is:
t =(NN)*NB (3.35)
b rE,,
Where: NN'= (3.36)
rE,, (r=)I,+1E,
(r-2)  -rg,
(NN =L (3.37)
2
I, [M” ]IV
L r_ﬂ -
Where M =b(r - 1) -vr? (3.38)
For the inter-block the treatment parameter estimates can be obtained from (3.38) these are
-7)-1).P
T i=1
b=y (3.39)
e Rr-A)-rgfk+)]
" M
Using the fact that: ZQ 9—G— )Z P—g(k+1)— +ZV: P (3.40)
E.I_(M +1?)P = Ry[r(r — )] (3.41)
(r—=AM
After using (3.41)
Where:  p= an B, (3.42)
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Po=) My;B; (3.43)
j
g=grand total of all observations (3.44)
Then
~ & pM-p2r-27+grk+D]@r-2)
t-t= M (3.45)
var (T-T) = k+D(c® + (kK +Dcd)[M + (2r — 1)?]
(r-A)M
_ 2 2 M +(@2r-1)?]
= Do+ (kDo = TS
(3.46)
) 2Dl ¢ (k4] 347

(r-4)
From the general theory of recovery of inter-block information as given by (RAO-1947) the
normal equation for combined inter and intra-block estimates are

wQ +w, Q = (WC + w,C)t" (3.48)
A solution for this is: t* =(wc +w,c,) ™" (WQ +w, Q) (3.49)
1 1
Where w=—; ;W= 3.50
o? Y lo? + (k+1)6?] (3:50)
From (3.54) we obtain:
wQ-+wQ =fwe+(k+1) "W NN} (3.51)
An element by element comparison of the matrix C of (3.8) with the matrix
we+ (K +1)"w,NN’ (3.52)
Shows that (3.51) can be obtained from (3.8) by changing:
r,— Wr,
b - (w-w)b
Q—>wQ+ W191
r— (w—w)r (3.53)
A - (wW—w)A

If we make this change in the solution of (3.8) we shall get a solution of (3.52), we note:
bk = (k+1)b—-b=(k +1)r, —b, there fore

_ (k +2)(wQ, +w,Qy)
° (k+Dwr, —b(w-w)
= (kK +D)(WQ; +w,Q;,) n r(k +1)(w—w,)(WQ, +W,Qy)
' (rk + ) (w—w,) (k +Dwr, —b(w—w,)(rk + 2)(w—-w,)

(3.54)

(3.55)
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g = (K DWQy + wQy )W —wy)(r —rk - 4) _ (K+2)(WQ; +wQy)

0k +)wr, —b(w—w)][(rk + 4)(w—w )] (rk + A)(w—w,) (3.56)
£t = (k+)w(Q +Q,) + (k +)w(Q; -Qy) (3.57)
(rk +4)(wW—w)
The variance of t; —t;and t; —t, are
al _t;):(k+1)((k+1)wr0 Fw-w)(r-rk-2-0)_ (k+D{k+Dur, - (w-w)(iv+b)) (358)
[(k +Dwr, -bw-w)[(rk + A)w-w)]  [(k+2wr, - b(w-w)](rk + 2)(w-w)
var (' —t') = — 2K+ (3.59)

(rk + A)(w—w,)

Analysis of Variance (ANOVA)

Since the block and treatments are not orthogonal to each other there are two analysis of
variance table. Table [1.a] gives the ANOVA for treatment adjusted for block while table [1.b]
gives the ANOVA for blocks adjusted for treatments. The unadjusted blocks sum of squares (S.S.)
can be split into two parts (1) The treatment component and (2) The intra-block error component.
This decomposition stems from the inter-block mode, (Khirsagar1973), Raghavarao (1971). The

sum of squares (S.S.) for treatments adjusted for blocks is given by: f,Q, +ZfiQi
i=1
(4.1)
Substituting the estimate of f; and f, from (3.18) and (3.19) in (4.1)

(k+1) (k+2) 1

[ ]Qo Z[[mj (Q. +; Qo)]Qu

(k+1) k+1 | ) k+1

[ ]Q‘) [rk+i]i§[(q )+ [rk+l]zQ° ]

\
Using the fact that: Y, Q; =0,

i=1

>QQ=0,[Q +-+Q, +Qy Q= QLY -QJ=~Q;  Therefore

(k+12) k+1 &, oy 1(( k+1 k+1 0% A
e[ e[ e B de] wa

The sum of squares for blocks adjusted for treatment equals:

1 k+1 k+1
'B 202 |-ty 4.4
k+1§‘ rk+ﬂ[ZQ j - k+1Z ) rk+/1(ZQ on 'ZT' (4.4)

(4.2)
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b
For the model (3.29) the total sum of squares is: kilz B? The inter-block error sum of
+15

squares is therefore is:

1 1 -~ ~ 1 2 1 -~ - 2
BB~ {Qi< BB ||~ fQi- (4.5)
k+1 k+1 k+1 b(k+1) ) \k+1 b(k+1)
Table (4.1) ANOVA table for testing treatment effects
. Degrees of
Source of variation freedom Sum of squares
, 2
Blocks unadjusted b-1 LE B - G
k+1 bk +1)
. k+1 2 A2
Treatment adjusted v ) [Z Q + v Qs j
Intra block error n-b-v fEe
’ G2
Total -1 YY-
o " ST hk+1)

Table (4.2) ANOVA table for testing block effects

Source of variation Degrees of freedom Sum of squares
Blocks adjusted b-1 (b-1E,
Treatment T, T.? G?

; % +y -
unadjusted r r bk+1)
Intra block error f=n-b-v fEe
’ G 2
—_ Y Y —
Total n-1 == b(k+1

Expected Values of Mean Squares in the ANOVA
From the model (3.1) B;s are NI (0,07) we obtain after some algebra the following

expected values, Schffe's method of obtaining the expectation of this sum of squares is to
consider for convenience the special case in which 2 and T, are all zero because they do not

appear in the result. Then B;,Q; and T; all have zero means, so that the expected values of

their squares are equal to their variances, giving
var(B;) = (k +1)°0f +(k+1)o’

var(Q,) = (rk/k +1)c?
var(T,)=r(c’ +ol) v
var (G) =bvar (B,)=b[(k +1)2 07 + (k +1)5

2 v 2 2
Then: T — [ Te_ 4 ZT‘ ~_9
o — r b(k +1)

(5.1)
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E(T)=vo?+(v—-k)o? (5.2)
E(Block S. S. unadjusted = PV3r(B;)  v(k+Dvar(Q)  vvar(T,)
k+1 rk+A4 r
(5.3)
— (- +V(r—-1)+®O-1oc?)
(5.4)
S
(fE.) =ﬂ{i+24}—(b—1)Eb =v(r-1)o*
Pl §
(5.5)
E(treat.adj.) = vo® +t'ct
(5.6)
2
Total =Y'Y — G
b(k +1)

E (Total) =(bk +b-1)c® + (k +1) (b—1) 5}
(5.7)

Writing E, and E, for the mean squares for the intra-block error and for block adjusted for
treatments respectively. Solving for o and o/ and substituting inw and W, the following
estimates are obtained:

1., (-1 (E,-E.) (b-1)

fi==-16%= O (B, -E,)iw = (5.8)
E N-v V(k+D)(b-1E, +(-K)(b-V)E,

(]

Table (5.1) Formulae for estimating treatment effects, differences & variances
Intra — block equations

~  k+1
t,=——
0 bk QO

_ k+1 Qo
= rk+l(Qi+ vj

A~ A k+1 A
t -1, = . ——
o rk+ﬂ(Q' ron

E_f)= (k +1)k +v—2)o_2
0 r(vk —1)
Inter — block equations

P,(r—A)—r> P
— i=1
N M
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(M +r?)P —PR[r(r-A)]

5= (r-A)M
[-i- oM = p,(2r = 2)? +gr(k+D]2r - 1)
' (r-2)M
var(t, —t,) = b{o? +(k +1)c’}.b, W
Combined inter & intra — block equations

_ (k+D(WQ, +wQy)
" (k+D)wr ~bw-w,)
t = (k+D(WQ, +wQ,) .
bk A)(w-w)

r(k +1)(w—w)((WQ, +WQy)
(k+Dwr, —b(w—w,)(rk + 2)(w—w,)

_ (k+D(WQy + WQu)(W-w)(r —rtk = 4) (k+)(WQ, +wQy)
[(k +Dwry —b(w—w)][(rk + A)(w- wl)] (rk + 2)(w—w,)

* *

i 0=

e -)- (4D (k= Dr, + (- w)(r -tk - 2-b) (ki +Dur, - (w-w)(2v +1))
0 [k D, b - w0k + 2)r-w)] [+, ~b(w— )k -+ 2)(-w)

Example

Consider an experiment in which 6 treatments of varying levels of the protein riboflavin and
total food intake were to be compared in a nutrition experiment on rats, where level 0 indicates
the control. It was possible to obtain litters with 4 male rats each. A balanced incomplete block
design of (v+1)=6 treatments in b=10 blocks of size (k +1)=4 rats was used.

Table (6) Code data for the example

© @) @
2 2 3 6
© @) @
4 5 3 7
© @) @
1 4 8 7
© @ ©)
4 3 10
©) ©) Q)
10 1 8
© @) @
3 1 5
© @) ©)
3 2 6
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© @ ©)
5 7 5

© @ ®G
2 9 10

©) @ *)
7 3 12

Each test treatment was replicated r = 6 times except the control which is replicated r, =10

times. The variable measured was micrograms of riboflavin per 100ml of blood serum. The
coded data is given in table (6). Treatment numbers are given in the upper right hand corner of
each cell from (5.8) we get:

W = 0.155560; W, = 0.0206 ; The information from the three models (inter — block,

intra — block and combined inter & intra — block) are summarized in table (5.1). For the data in the
example, the treatment estimates, elementary treatment contrasts and their variances are
summarized in table (6.a), (6.b) and (6.c).

From the equation: Q, =T, — kLl > n, B, we can calculate Qo, Q1, Q5; and from the equation
-+

nB. -rk+1)G _ _ _
i = 2.8, ~rlk+1)6 16 =230 _59 sothat rk+)G -1416 r(k+1)G =236 the efficiency (
r-4 40
vi 5x3
=2 _2%0 _0.83=83%
rk 6x3
a7 | m=21) Te=26) Te=38 |Te=sa | 157 2B =T =236
Qo=- - Q2=- - _ Qs= | Qs= =0
18 | @77 95 [@TLB) 705 |16 ZQi
Qu= Qu=- Qu= _ Qu= Q5= =0
0 o866 | 0133 | 8| T1g |63 Z Qu
Table (6.1)
ANOVA Table for Testing Treatment Effects in the Example
Source of variation Degrees of freedom Sum of squares s Mean
quare
Block unadjusted 9 127.6 14.178
Treatment adjusted 5 169.2905
Intra-block error 25 160.7095 6.4283
Total 39 457.6
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Table (6. 2) ANOVA Table for Testing Block Effects in the Example

Source of variation Degrees of freedom Sum of squares Me;r;osrquare
Block adjusted 9 85.6905 9.521
Treatment_unadjusted 5 2112

Intra-block error 25 160.7095 6.4283
Total 39 457.6

Table (6.a) Intra-block model

f, 2.4 f —f, 0.381
f, 2.0 t, -, -0.095
f, 25 f, - €, 1.952
fy -0.5 f, -t 5.00
f, 26 (A 4.70
f, 29

var(f —f,) =1.8366

Table (6.b) Inter-block model

t 23.6 t -t -33.47
t -9.87 t, -1t -23.47
t, 0.13 t, -1 -21.80
t, 1.80 t, -1, -21.80
t, 1.80 t—t -17.47
i, 6.13

var(t —t,) =10.6085

Table (6.c)Combined inter - & intra block equations
t, -2.3 t; —t, -0.3
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t, -2.6 t, —t; -0.5
t) 2.8 t; —t, 1.7
t -0.6 t, —t, 5.4
t, 3.1 t, —t, 5.2
t, 24

var(t; —t,) =0.825

In this example we dealt with the estimation of weight for combining inter and intra-block
estimates, and we consider the weight for combining inter-block estimates of treatment
contrast. The advantage of this study is to get a minimum variance of the treatment contrast
between the inter and intra block estimates when a control treatment is added to each block in
B. I. B. design. From tables (6.a) and (6.c) we conclude that treatment five is more effective
than other treatments when compared to the control. The reduction in variance due to
recovery of inter-block information is however very small.
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