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Abstract

Through teaching the syllabus of the group theory, appeared some ambiguity
in presentation the basic concepts of factor (quotient) groups. This is because the
definitions and theorems expressed in abstract language, also the explanation
examples are inadequate in most references. For this reason, and after research, the
researcher has found a way to reach an upgraded developed method for

understanding and solving the problems of finite and infinite factor groups.
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INTRODUCTION

This paper started by studying the normal subgroups, to introduce the factor groups.
Definition:

IfHisa subgroup of the group Gand ae G, then the set: ~ 1:
SRR LTI T operator element, is said to be left coset, and a called
similarly Ha called right coset (Burton, 1993).
Note that H is a left coset, since eH = H (e : Identity element).
either Lemma 1: If H is a subgroup of the group Gand a, b € G, then

aH=bH or aH M bH = ¢.

aH:{ah:heH:

Definition
2:
left cosets is called If H is a subgroup of the group G, then the number of the distinct
(Rotman, 1990). the index of H in G and denoted by [G : H],
Lagrange Theorem:
If H is a subgroup of the finite group G then, Gl=[G:H]|H|
such that |G| and |H|arethe orders of G and H respectively.

Note that the order of H divides the order of G (Dixon, 1977).

Proof:

~\"

Gezira Journal of Engineering and Applied Sciences vol (9) num-1-2014



Gezira Journal of Engineering and Applied Sciences vol (9) num-1-2014

Definition

3:

If H is a subgroup of G then, H called normal subgroup of G if,
aH =Ha, VvaeG and denoted by HAG.

Lemma

2:

equivalent: If H is a subgroup of the group G, then the following statements are
(i) HAG

(ii) H=aHa ! vaeG
(i) aH = Ha vae G

Proof:
()= (i):
HAG = aHa' cHVaeG,lethe H =>h=aa"haa™
buta“ha e a*Ha, HAG = aHa c H(h' = ahasuch thath’ e H)
Nowh=ah'a™ eaHa™"oraHa™ o H.
(i) = (i)istrivial.
(i) = @ii):
~caHa * = H
= Ha = (aHa Y)a
but (aHa *)a = {(aha )a:he H}
={ah:he H}
= aH
— aH = Ha
(iii) = (i) :aH = Ha—a (aH) = a *(Ha)
= H = aHa 'vaeceGaG.
Definition
4:
H in G, which If H is a normal subgroup of the group G then, all the left cosets of

denoted by G/H and the operation (®) defined by:
(aH)®(bH)=abH Vva, beG
, called factor (quotient) group and denoted by (G/H , ®).
(Macdonald, 1998). Note that all the elements of the factor group are left cosets
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Results:
The main purpose of this paper is to derive developed suggested method to explain the
complex concept of the factor groups via two easy types.
Model 1 ( for finite groups):
For the system (G/H , ®) , consider G = {1, 3,5, 7}, H={1, 5} and (®) is to be the
multiplication modulo 8. Firstly, find all the left cosets :
to prove aH = Ha and HAG

1®H ={1®1,1®5}={,5}=H ®1
3®H ={3®1,3®5}=1{3,7}=H ®3
50 H={5®1,5®5}={5,1}=H ®5
7TOH ={7T®1,7®5}={7,3}=H®7
—= HAG (H isanormalsubgroupof G)
Note that the index is 2and Lagrange theorem verified , when
G|=[G:H]- H| (4=2-2).
The elements of (G/H , ®) = {1®H, 3®H, 5&H, 7®H} and then, from tables (1) and (2) , all
the conditions of the group are valid.

Table 1: Operation table of the system (G/H , ®).

® 1®H 3®H S®H T®H
1®H 1®H ®H3 ®HS T®H
3®H ®H3 1®H T®H ®H 5
S®H  ®HS T®H 1®H 3®H
T®H T®H S®H 3®H 1®H

Table 2: The inverses of the elements of (G/H , ®).
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a 1®H 3®H S®H T®H

1®H 3®H S®H T®H
"

Note that the argument above is still valid if G/H is defined to be only the distinct left cosets
{1®H , 3®H}.
Model 2 ( for infinite groups):

Consider the system (Z/3Z , +) suchthatz=4{...,-2,-1,0,1,2,...} ,nz={...,-2n, -
n,0,n,2n,...}. Obviously nz ¢ z, since Z is abelian, we get nZAZforn=1,2,3,....
Atypical left cosets is (a + n Z) fora € Z.

ZInZ={a+nZ:aeZ}={i+nZ:0<i<n}=2Z, The group operationinZ/nZis (a+n
Z)+(b+n2Z2)=(@+b)+nZ=r+nZwherea+b=gn+r and 0 <r<n. Thus the operation
in Z/n Z is identical to modular addition that performed in Z

e0.232={0+32Z,1+32Z,2+3Z}which has only 3 distinct cosets and infinite number of
representatives for each of the cosets and thus an infinite number of equivalent ways to represent
ZI3 Z.

From tables (3) and (4), we can note that all the conditions of the group are valid.

Table 3: Operation table of the system (Z/3Z , +).

+ 0+3Z7 1+3Z 2+37
0+3Z 0+3Z 1+3Z7 2+3Z
1+3Z 1+3Z 2+37 0+3Z7
2+3Z 2+3Z 0+3Z 1+3Z7

Table 4: The Inverses of the elements of system (Z/3Z , +) .

a 0+3Z 1+3Z 2+3Z
a 0+3Z 2+ 327 1437

Thus, the system (Z/3 Z , +) represents factor (quotient) group.
Conclusion:

In this short research, developed and easiest way for explaining the complex concept of
factor (quotient) groups, was suggested and represented by two upgraded solved problems.
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